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In this paper we formulate an economic mo-
del with tax evasion, corruption and taxes. In 
the first part the static model is considered, 
where there are a representative agent and a 
public institution. The public institution by its 
tax collectors detects the tax evasion and 
enacts a system of tax on capital and fines. 
The representative agent is endowed with a 
capital k,  0 k >  and he has to pay a tax on 
this capital at a rate  1, t   1 (0,1]. t ∈  The agent 
can try to evades the tax on capital by 
concealing a capital  1 e  of the total capital. 
The optimal tax evasion level which maximi-
zes expected net profit is determined. In the 
second part, the dynamic model of tax eva-
sion is presented, where the representative 
agent chooses at each moment in time the 
level of tax evasion so as maximize expected 
net profit on infinite horizon, taking into 
account of the motion equation for the 
capital  ( ) that depends on  ( −  ) and 
   ( −  ). Using the delay   as bifurcation parameter we have 
shown that a Hopf bifurcation occurs when this parameter 
passes through the critical value   . The direction of the Hopf 
bifurcation, the stability and the period of bifurcating period so-
lution are also discussed and characterized. 
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1. Introduction 
In this paper, we construct a new economic growth model
with tax evasion, taxes and delay. The main feature of our
model is that the control variable and the state variable
enter with a delay in the motion equation of the state
variable. The introduction of the time delay yields a
system of mixed functional differential equations. We
determine the steady state of this system and we inves-
tigate the local stability of the steady state by analyzing
the corresponding transcendental characteristic equation
of its linearized system. In the following, by choosing of
the delay as a bifurcation parameter, we show that this
model with a delay exhibits the Hopf bifurcation.
Therefore, the dynamics are oscillatory and this is entirely
due to time-to-build technology. Then, we discuss the
direction and stability of the bifurcating periodic solutions
by applying the normal form theory and the center
manifold theorem. 
The outline of this paper is as follows. In Section 2, we
present the static model of tax evasion and we determine
the optimal tax evasion level which maximizes expected
net profit. In Section 3, we formulate the dynamic model of
tax evasion. Section 4, by choosing of the delay as a
bifurcation parameter, some sufficient conditions for the
existence of Hopf bifurcation are derived. In Section 5, the
direction of Hopf bifurcation is analyzed by the normal
form theory and the center manifold theorem introduced
by Hassard and some criteria for the stability of the
bifurcating periodic solutions are obtained. In Section 6,
the conclusions are discussed. 
2. The Model 
We will consider an economic model with tax evasion,
corruption and taxes. In economy of this model there
are a representative agent and a public institution. The
public institution by its tax collectors detects the tax
evasion and enacts a system of tax on capital and fines.
The representative agent is endowed with a capital k,
0 k >  and he has to pay a tax on this capital at a rate  1, t
1 (0,1]. t ∈  The agent can try to evades the tax on capital by 
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concealing a capital  1 e  of the total capital k ,  1 [0, ] ek ∈ . 
We assume that the transaction cost for tax evasion is 
2
01, he  with  0 0. h >   A smaller  0 h  captures the situation 
when an economy is more corrupt (Chen, B-L., 2003, 381-
403). In making this decision, the agent takes its tax 
evasion costs, the tax rate and the auditing probability into 
account. 
   If the agent evades and the tax collectors do not detect 
the tax evasion then the result capital is given by: 
  ()
2
11 1 1 0 1 1 kt k t e h e =− + −  (1) 
If the agent evades and the tax evasion gets detected 
then the agent has to pay the tax on capital plus a fine at 
a penalty rate s,  0. s>  The disposable capital is given by 
Allingham and Sandmo (Allingham & Sandmo, 1972): 
 
2
21 1 0 1 (1 )
A kt k s e h e =− − −  (2) 
or Yitzhaki (Traxler, C., 2006): 
 
2
21 1 1 0 1 (1 )
Y kt k s t e h e =− − −  (3) 
In the following, we consider the disposable capital is 
given by: 
  22 2 (1 ) ,
AY ka k a k =− + [ ] 0,1 a∈  (4) 
From (2), (3) and (4) result: 
   (5) 
where  1 1. ba a t =−+  
The profit of a risk averse agent are represented by the 
following von Neuman-Morgenstern profit function namely 
the expected net profit (Traxler, C., 2006) 
   ( ,  ) =    (  ) + (1−  ) (  )  (6) 
where  p∈[0,1] is the probability that the agent is 
discovered and convicted by the tax collectors. The 
functions  u  satisfy the properties  '( ) 0, ux>   "( ) 0. ux <  
The agent chooses  1 e , so as to maximize expected net 
profit. 
Proposition 1 
a) If the utility function is  () l n, ux x =   0, x >  the optimal 
tax evasion level which maximizes expected net profit is 
the positive solution from [ ] 0,k  of the equation: 
 
32
321 0 0 ax ax ax a ++ + =     (7) 
where 
2
30 2, ah = () 20 1 1( 1 ) , ah p t p b s =+ − −  
10 1 1 2( 1 ) , aht k b s t =− +  
() 01 1 (1 ) (1 ) . at p t p b s k =− − − −  (8)   
b) If the utility function is  () , ux x
σ =   0, (0,1) x σ >∈  then 
the optimal tax evasion level which maximizes expected 
net profit is the positive solution from [ ] 0,k  of the equation: 
· 
  (9) 











  0, (0,1) x σ >∈
 then the optimal tax evasion level which maximizes ex-






1 e  is optimal tax evasion level, the net profit is 
 
                 (11) 
Examples: 
a) If  
1 0.16, 0.8, 0.4, 3, 0.03 tp a k s == = = =  
from (7) and (11) result: 
1) i  0 0.01, h =   
then 
*
121 2.612, 2.504, 0.5599 kke === and 
()
*
1 , 0,9265; Vk e =  
2) if 0 10, h =  then 
*
121 2.520, 2.519, 0.00080 kke === and
()
*
1 , 0,9242; Vk e =  
b) If 
 
 from (9) and (11) result: 
3) if 0 0.003, h =  then  12 102.474, 97.339, kk ==  
and  ()
*
1 , 2.5190; Vk e =  
4) if  0 3, h =  then  12 100.7966, 10.771, kk ==   
and . 
3. The dynamic model of tax evasion with delay 
Consider an economy that is inhabited by infinitely-lived 
households. In this economy, a representative agent 
chooses at each moment in time the level of tax evasion 
() 1 et so as maximize expected net profit   () 1 () , () Vk tet  
given by: 
  2
21 1 0 1 (1 ) kt k b s e h e =− − −
( ) ()
1 2
10 0 (1 ) 2 (1 ) p t k b s x hx b s hx p
σ −
−− − + − −
()
1 2
11 0 10 (1 ) ( 2 ) 0; ( tk t xh x t h x
σ −
−+ − − =
()
2
10 0 (1 ) ( 2 ) (1 ) p t k b s x hx b s hx p
σ −
−− − + − −
()
2
11 0 10 (1 ) ( 2 ) 0. tk t xh x t h x
σ −
−+ − − =
()
2 ** *
11 1 0 1 (, ) ( 1 ) Vke p u t k b s e he =− − −+
()
2 **
11 1 0 1 (1 ) (1 ) pu t k te he +− − + −
1 0.16, 0.2, 0.4, 120, 0.3, 0.2 tp a k s σ = =====
()
*
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   ( ,  ) =    (  ) + (1−  ) (  )   (12)   
where p∈[0,1]. 
The infinite planning problem for this economy is given by:  
   (13) 
subject to 
    ( ) =      ( −  ) −   ( −  ) −    ( −  )
 
   (14) 
where  () kt τ −  is the productive capital stock at time t τ −
,  [0,1] δ ∈  is the rate at which capital depreciates;  0 ρ >  
is the discount rate,  : f RR ++ →  is the production function 
with  '( ) 0, fk > ''( ) 0 fk < ,
0 lim '( ) ,
k fk
→ =∞   lim '( ) 0,
k fk
→∞ =  and 
:( ,0] R ϕ + −∞ →  is the initial capital function, it need to be 
specified in order to identify the relevant history of the 
state variable.  
The coefficient d  is given by   
  01 (1 ) . d pbsh p t =− −  (15) 
To solve this optimization problem, we apply the 
generalized Maximum Principle for time-lagged optimal 
control problems. The Hamiltonian associated to this 
problem is: 
· 
                          ∙      ( ) −   ( )−   ( )   (16) 
where  1 p  denotes the costate variable or the shadow 
price of the capital  () kt. 
Using (15) result: 
Proposition 2 
The equations of motion for the capital  () kt and evasion 
1() et is given by: 
  
 
            · 
            ·   (17) 
where 
 (18) 
4. Local stability analysis and Hopf bifurcation 
The steady states 
**
1 (,) ke of the functional differential 
equation system (17) are determined by setting  1 0, e =   
0. k =    




a) The steady states is 
**
1 (,) ke, where 










b) If () , f xx
σ =   0, x >   (0,1), σ ∈ () l n, ux x =  then the 
steady states is 
**
1 (,) ke, where 
* k  is the root of equation 
  
   ·  
·   (22) 
and  
***
1 em k n k
σ =+ . 
c) If () , f xx
σ =   0, x >   (0,1), σ ∈ () l n ux x =  and  0 0 h =  
then the steady states 
**
























max ( ), ( )
t




1 () () ; [ , 0 ] ; ( ) [ 0 ,( ) ] ; ke t k t θ ϕ θθ τ =∈ − ∈
11 0 (0) ; ee =
() () 11 1 () , () () , () ( )
t kt e t V kt e t e p t
ρ τ
− Η =+ +
  () 1 ( ) () () () kt f kt kt d e t τδ τ τ =− − − − − 
  ( 111 () ( () , () ) ( ( ) ) ( ) et gk tet fk t k t τδ τ =− − − − 
) 1() de t τ −− + 21 (( ) , ( ) ) g kt e t
() '( ( )) fk t δ ρ −− 31 (() , ( ) ) dg k t e t +
  12 1 2 1
11 21
22 1 22 1
(, ) (, ) ( , ), ( , ),
(, ) (, )
Vk e V k e g ke g ke




























































12 3 2 5
110
22
12 3 4 5
(1 ) ( 2 ( ( ) )( '( ) ))
'( ) ( ) ( )
(1 ) (1 ) ( 2 ( ( ) )( '( ) ))
'( ) ( ) ( ) 0
pd t b s hm fk n k f k
u q k p k qfk p k fk pfk
pd t t hm f k n kfk
up kp k p f k p k f k p f k
δρ
δρ
−− + + − − ⋅
⋅+ + + + +
+ − −+− + − − ⋅
⋅+ + + + =
2
11 1 2 0
1 ,, 1, , mn p t n t p h n
dd
δ == − = − + = − 31 , pt m =−
2
40 5 0 2, , pm n h p h m q =− =−
11 3 1, . qt b s n q m b s =−− = −
  ()
11
10 (1 ) ( 2 ( )( )) pd t b s h km k n k
σσ σδ ρ
−− −−+ + − − ⋅
()
21 2
12 3 4 5 pk pk pk pk pk
σσ σ + ⋅ +++ + +
(1 ) p +− ( )
21 2
12 3 2 5 qk pk qk pk pk
σσ σ + +++ +
11
110 [ (1 ) ( 2 ( )( ))] dt t h k m k nk
σσ σδ ρ





2 2 22 2 2
10 01 01 10 01 01 10 01 01 10
1 () 4 ( )
2
a b c a b c ac ac ω=+ − + + − + −
2
01 10 01 01 10 10 01
0
10 01 01 01 01 01
() ( )
(2 )






















      (24) 
 
With respect to the transformation  
*
1() () , x tk tk =−  
*
21 1 () () x te te =−  
system (17) becomes 
11 1 2
22 1 2 1 2
() ( ( ) , ( ) )








  (25) 
where 
 
                                
 · 
                     
                     ·  
                    ·   
                      (26) 
Expanding  12 , FF , given above in Taylor series around 
(0,0,0)
T O  and neglect the terms of higher order than the 
third order, we can rewrite system (25) in the form: 
 
              
 
           
            
           
          
          





   (28) 
 
To investigate the local stability of steady state we 
linearize system (27). Then, the liniarized system is given 
by: 



















  (30) 
The characteristic equation corresponding to system (29) 
is given by 
()
2
01 10 01 10 01 01 10 () 0 . ca b a c a c e
λτ λλ λ
− −−+ + − =  (31) 
From (31) using the standard Hopf bifurcation theory 
(Hassard, B.D et.al, 1981) we get: 
Propoziţia 4 
i) If 0, τ =  and  10 01 01 10 0, ac ac −<   01 10 01 0 cab ++<  then the 
steady states ()
**
1 , ke is asymptotically stable. 
ii) Let  () λλ τ =  be a solution of (31). If  0, τω  are given by 
then a Hopf bifurcation occurs at the steady state given by 
()
**
1 , ke as τ  passes through  0. τ  
5. Direction and local stability  
of the Hopf bifurcation for system (17) 
From section 4, if 0 ττ =  given by (32), then all the 
roots of equation (31) other than  iω ±  have negative real 
part. For notational convenience, let  0 ττ μ =+, where 
(, ) μ εε ∈−  with  0. ε >  Then  0 μ =  is the Hopf 
bifurcation value of system (17). In the study of the Hopf 
bifurcation problem, first we  transform system (18) into 
an operator equation of the form 
  () 11 1 (1 ) (1 ) ap p ttb s p =− − − + −
() 11 1 (1 ) (1 ) (1 ) 1 pt p t q −− − − +
()
22
11 1 1 ( 1) ( 1) ( 1) ( 1) 1 bt m p p t m b s t p t =− − + − − +
  *
11234 3 (,,,) ( ) Fu u u u fu k =+ −
*
3 () uk δ +−
*
41 () du e −+
  **
21234 11 2 1 (,,,) ( , ) F uuuu gu ku e =++
(
**
33 () () fu k u k δ +− + )
*
41 () du e −+ +
**
21 2 1 (,) g uk ue + ++
()
*
3 '( ) fu k δρ +− − +
**
31 2 1 (,) . dg u k u e + ++
 
11 0 1 0 1 2 () ( ) ( ) x ta x t a x t ττ =− +− + 
23




ax t ax t ττ +− +−
 
21 0 1 0 1 2 () ( ) ( ) x tb x t b x t ττ =− +− + 
2
10 1 01 2 200 1
1
() () [ ()
2!
cxt cxt l x t +++ +
22
020 2 002 1 () ( ) lxtlxtτ ++ − 110 1 2 2( ) ( ) lxt xt ++
101 1 1 2( ) ( ) lx t x tτ +− 011 2 1 2( ) ( ) ] lx t x tτ +− +
32
300 1 210 1 2
1
[ () 3 () ()
3!
lxt lxt x t ++ + 3
003 1 () lxtτ − +
23
120 1 2 030 2 3( ) ( ) ( ) lx t xt lxt ++ l +
22
102 1 2 012 2 1 3( ) ( ) 3( ) ( ) ] lx t xt lx t xt ττ + −+ −
  2
11 1

















































































































































       =  ( )   + ( )   (33) 
where 12 (, ) ,
T xx x = () , t xx t θ =+ [, 0 ] . θτ ∈−  
The operators   and   and Ρ are defined as 
    ()() μφθ =
()
,[ , 0 )










 +− = 
   (34) 
where ∅∈C   ( − ,0 ,ℂ  ) and  , A B are given by (30) and 
(35): 
    ()() μφθ =  (35) 
For ψ ∈ C  ( 0,  ,ℂ  ),the adjunct operator  ∗ of     
is defined as: 
    
*()( ) s μψ =  (36) 
For ∅∈C   ( − ,0 ,ℂ  ) and 
 ψ∈C   ( 0,  ,ℂ  ) we defined the bilinear form 
 (37) 
We calculate the eigenvector φ  of   associated with 
eigenvalue  1 i λω =  and the eigenvector 
* φ  of  ∗ 
associated with eigenvalue  21 λλ = . 
Proposition 5 
i) The eigenvector φ  of    associated with 
eigenvalue  1 λ  is given by 
1 () , ve
λθ φθ =   [, 0 ] θτ ∈−  where 
() 12 ,
T vv v =  and 
20
10 1 va e
λτ = , 
20
21 1 0 () . va e
λτ λ =−  
ii) The eigenvector 
* φ  of   ∗ associated with 
eigenvalue  21 λλ =  is given by  [0, ], s τ ∈
() 12 ,
















iii) With respect to (37) we have: 
** ,, 1 , φφ φφ ==
** ,, 0 φφ φφ ==
 
Next, we construct the coordinates of the center of 
the manifold  0 Ω  at  0 μ =  (Lorenz, H.W, 1997; Mircea, G. 
et al., 2003).  
We consider  
* () , , (, ) 2R e {() ( ) } . tt zt x wt x zt φ θ φ θ == − 
On the center manifold  0 Ω , , where  
     (39) 
and  , zz are the local coordinates of the center manifold 
0 Ω  in the direction of φ  and 
* φ respectively. 




1 () () , zt zt λ φ =+ 
 () (, ) 2R e {() ( ) } wt zt θφ θ +   (40) 
We rewrite (40)  1 () () (, ) zt zt gzz λ =+   with 
  (,) * ( 0 )
T
gzz φ =   ((,,)2 R e { () } ) wzz z θφ θ +  (41) 
We expand the function  (,) g zz on the center manifold 
0 Ω  in powers  z  and  z  
2 22
20 11 02 21 ( , ) ....
22 2
zz z z
gzz g gz z g g =+ ++ +
 (42) 
For the system (17) we have: 
 
12 20 120 220, g wF wF =+    (43) 
12 02 102 202, gw Fw F =+  




                              
 
      






20 120 220 () ( () , () ),
T ww w θθ θ =   11 111 211 () ( () , () )
T ww w θθ θ =   
 












() , [ , 0 ]
gg
wv e v e E e
g g












(0,0) , [ ,0)































2 * () ,
s s we
λ φ =
  (, ) ( () , wt wzt θ = () , ) ztθ
2 2
20 11 02 (,,) () () () . . .
22
zz
wzz w w z z w θθ θ θ =+ ++
12 11 111 211, g wF wF =+
22 22 2
1 120 20 1 102 20 ,, F ave F av e
λτ λτ − ==
1 111 20 1 , Fa v v =
1 1 121 20 120 (( ) F aw v e
λτ τ =− +
22 2
1 111 1 30 1 2( ) ) , wv e a v v e
λτ λτ τ +− +
1 2 222
220 200 1 020 2 002 1 F lv lv lv e
λτ − =++ +
11 1 22
1 1 012 1 0 11 0 1 112 22 2 , lv v e lv e lv v e
λτ λτ λτ −− − ++ +
121 2 211 200 1 020 2 002 1 110 1 ( F lv v lv v lv v l v v =+++ +
12 2
11 1 2 2 101 1 011 2 1 )( ) , vv l vve l v ve vve
λτ λτ λτ −− − ++ + +
  1 212 200 1 111 120 (2 (0) (0) ) F lv w wv =+ +
2 020 2 211 220 (2 (0) (0)) lv w v w ++ +
1













1 1 120 220 (, ) ,
T ED F F =−
2 2 1
11 (2 ) DA e I
λτ λ
− =+ −  
(46)
 
2 2 120 220 (, ) ,
T ED F F =−
1
2 () . DA B
− =+  
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Proposition 6  
In formulas (47),  0 μ  determines the direction of the 
Hopf bifurcation: if 0 0( 0) μ ><  the Hopf bifurcation is 
supercritical (subcritical) and the bifurcating periodic 
solution exist for  00 () ; ττ τ ><   0 β  determines the stability 
of the bifurcation periodic solutions: the solutions are 
orbitally stable (unstable) if  0 0( 0). β <>   0 T  determines 
the period of the bifurcating periodic solutions: the period 
increases (decreases) if  0 0( 0). T ><  
6. Conclusion 
In this paper, we formulate a growth model with delay for 
capital and tax evasion. Using the delay τ  as a 
bifurcation parameter we have shown that a Hopf 
bifurcation occurs when this parameter passes through a 
critical value  0 τ . The direction of the Hopf bifurcation, the 
stability and period of the bifurcating periodic solutions 
are also discussed and characterized. 
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